()• Introduction* Consider a pair (<?, T) where G is a finite group of Lie type and T a maximal torus of G whose order is divisible by at least one special prime. Let β be a complete set of orbit representatives for the action of N = N G (T) on the set of irreducible characters of T whose orders in the character group T~ are relatively prime to each special prime dividing \T\. Then for each ψ e Ω, a family of irreducible characters of G is constructed. These families, which are pairwise disjoint, resemble closely the organization of the irreducible characters of G into blocks, and the behavior of their members reflects in a number of ways the character theory of N (see Theorem (5.2) ).
That special primes exist for a wide class of pairs (G, T) is established in §2, where they are seen to arise as the primitive divisors of Zsigmondy [14] . Let (G, T) be such a pair, let π be the set of special primes dividing \T\, and let X be the set of elements of T having order divisible by some reπ.
Then the Brauer-Dade theory and Suzuki's theory of special conjugacy classes, as adapted to the peculiarities of this setting in §4 and §3 respectively, are employed in §5 to show (Theorem (5.2) ) that the sets of nonexceptional characters in certain r-blocks of G are independent of reπ, and that the irreducible characters of G which are of interest, namely those not vanishing on X, arise as follows. If ίeΓ and e = [stably (0): T], then there exist irreducible characters X lt ••-,%* of G and signs ε l9 , ε e = ±1 such that for all i, e 254 RICHARD A. BOYCE It is shown also that %<(1) == {e i je)θ N {l) (mods) where s is the π-part of |G|.
One of the primary objectives in the study of representations of finite groups of Lie type is the decomposition of the Deligne-Lusztig virtual characters ) in cases where this has not yet been accomplished. In §6 such decompositions are given (Theorem (6.1)) for all Deligne-Lusztig virtual characters arising from certain maximal tori. Indeed, let ^ be a connected reductive affine algebraic group giving rise to a finite group G of Lie type, let &~ be a maximal torus of ^ giving rise to a maximal torus T of G such that |Γ| is divisible by a special prime, and let 0eT~. Then using the previous notation (subject, however, to a possible relabeling if a certain transitivity condition holds), the result obtained is that e where R%-(θ) is the Deligne-Lusztig virtual character of G corresponding to ^ and θ e 3Γ\ In case G = GL (n, q) , this decomposition is given by Fong and Srinivasan in [7] , Finally, the Deligne-Lusztig theory is applied in §6 to obtain improvements in §5.
The author is deeply grateful to Professor Charles Curtis, whose advice was indispensable throughout this work. A debt of thanks is also due to Professor Gary Seitz, who provided the author with a number of important ideas and improvements. 1* Preliminaries* NOTATION. We adopt the exponential notation x 9 = g~~ιxg where x and g are elements of a group. If X is the union of a set of conjugacy classes of a finite group G and X:X~~>C is constant on conjugacy classes, then for geG, X g :X 9 ->C is defined by X g (x 9 ) = l(x) for all xeX.
Let GF(q) be a finite field of characteristic p > 0 and order q, viewed as a subfield of its algebraic closure K. For greater detail in what follows, we refer the reader to [2] , [11], and [13] . Let 2b e a connected reductive affine algebraic group over K with coordinate ring Szf, and let ,S^G Fiq) £ J^ be a (τjF(g)-rational structure for & such that the induced Frobenius morphism F: & -> & is a homomorphism of abstract groups. Denote by G the corresponding finite group of Lie type, by which is meant the finite group S^V of fixed points of F in ^.
F-stable maximal tori of ^ are known to exist, and if J7~ is such a torus, then the abelian subgroup T -,ί7~F of G is called a maximal torus of G. Furthermore, there exists an i^-stable maximal torus J^"' of Sf which is contained in an F-stable Borel subgroup &' of 2^, and the pair CJ/ 7 "', &') is unique up to G-conjugacy. Therefore the classification of the maximal tori of G, which we outline below, does not depend on our choice of (J/"~', .^') Let W(S' f ) be the Weyl .group Λ^ΊJ?" ', where <yl^r -N.χj?~r) . Given an element w = n:y' ! where n e ,yί r \ Lang's theorem guarantees the existence of an element αe^ such that n = a(Fa)~ι. It follows that j/~ -a~~\9~'a is an .F-stable maximal torus of &, and hence that T = J7'~F is a maximal torus of G, said to be obtained by twisting by w. Moreover, using the action induced by F on W(Jy~'), we may define an equivalence relation on W{^~r), called F-conjugacy, whereby w\ and w 2 are related if and only if there is an element ιv z e W(J7~') such that w 2 = w^^Fw-i)" If F acts trivially on W(^r), then F-conjugacy degenerates to the usual notion of conjugacy, in which case we may speak (abusively) of the Coxeter torus of G, namely any maximal torus of G obtained by twisting by a member of the conjugacy class of Coxeter elements in W(JT').
To obtain information about irreducible characters of G, we shall make use of Suzuki's theory of special conjugacy classes and Brauer's theory of blocks. Then ^, , r (^m form a set of special conjugacy classes of N in G. PROPOSITION 1.2 (Suzuki, Higman) .
Let G, N, and ^e^, (1 ^ i ^ m) be as in (1.1) . Then (a) X = U{^: 1 ^ i ^ m} is a T. I. set in G and N G (X) = N (see Dornhoff [6] (1 <; i <> v, 1 <^ j S m,) ; moreover, these numbers also satisfy the equations %*(%) = Σ?=i c jJ>ki (1 ^ i ^ u, 1 £ 3 ^ w) .
Proof. See Dornhoff [6] , p. 149.
Detailed accounts of block theory may be found in Curtis and Reiner [3] , Dornhoff [6] , or Isaacs [8] . Given a prime number r and a subgroup H of G, we adopt the viewpoint that a member B = 5(r) of the set B/(H) = £<.(#) of all r-blocks of H is a subset of the disjoint union
where Irr (H) denotes the set of irreducible complex characters of H and IBr (H) denotes the set of irreducible Brauer characters of H relative to r (see [8] , Chapter 15). We denote by B' (resp. B")
Our primary block theoretic tool is the following portion of Dade's results on blocks with cyclic defect groups. PROPOSITION 1.3 (Dade [4] Proof. This is Proposition 2.1 of [4] .
After the terminology of Brauer (see Dade [4] ), the characters X l9
, X e in (1.3c) are called the nonexceptional characters of B. We remark however that if the action of E on the nontrivial irreducible characters of D is transitive, then (1.3c) holds independently of which characters of B' are labeled X lf •••,%«.
In [5] , Deligne and Lusztig establish the existence of a set of virtual representations of G over C, parameterized by pairs (^7 θ) where ^" is an i^-stable maximal torus of 2^ and θ is an irreducible character of ^~F over C, the set of which we denote by (J7~FY to emphasize that it forms a group isomorphic to ^~F. We shall confine our attention to the corresponding virtual characters of (?, the one associated with (^ 0) being denoted by R%-(θ) (or by R^{θ) if the reference to S^7 is clear).
If ^ is an .F-stable maximal torus of gf, then N^{^~) is ί 7 -stable, and the action of N^{^") F by conjugation on (J7~FT lifts to Nsrί^h/^F-θei^y is said to be in general position if {w e NA^)P/^~F:
For any closed connected reductive i^-stable subgroup Sίf of ^, denote by a{3έf) the common dimension of all maximal (?.F(g)-split tori of £ίf. If ^~ is an F-stable maximal torus of έ%f and ^ is the set of all unipotent elements of ^f, then the function Q%\ <%S F -> C, defined by Q^(u) = iϋytl^X^) for all u 6 <%f F , is called Green's function of Jg^ relative to 
2* Regular semisimple elements and special primes* If x 6 G is semisimple, then x is contained in some jF-stable maximal torus άΓ of S^, and if in addition C?(x)° -^7 then ^~ is clearly the unique maximal torus of gf containing x (see ). 
By our preceding remark, the notion of regularity is welldefined. LEMMA 
Let T -Jf F be a maximal torus of G, and let x e 2\ Then the following assertions hold: (a) If x is locally regular (relative to T), then x is regular. (b) x is locally regular (relative to T) if and only if C G (x) = T.
Proof (a) is proved by Springer in [10] , Lemma 6.11. Plainly C G (x) = T implies that C N (x) = T, so only the converse of this remains to be proved. If G N (x) = Γ, then by (a), C#(x)° = JT The connected component of an affine algebraic group is a normal subgroup, so j^~ < C^(x), whence C^(^) ^ N*(^~).
and the proof is complete.
It is implied by (2.2a) that if a semisimple element xeG is locally regular (relative to T) 9 then ^~ is the unique maximal torus of & which contains x. Hence the phrase "relative to T" is superfluous and we shall omit it. DEFINITION 2.3. Let T be a maximal torus of G. A prime number r is called a special prime of G relative to T (or simply a special prime when the references to G and T are understood) if the following conditions hold:
(a) r||Γ|.
(b) For all xeT, r\\x\ implies that x is locally regular.
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We denote by S^{G, T) the set of all special primes of G relative to T.
The next result, for the proof of which the author is indebted to Gary Seitz, implies that blocks of G relative to a special prime r have cyclic defect groups, thereby enabling us to invoke 1.3. PROPOSITION 
Let T -S~F be a maximal torus ofG. Assume that ^~ Φ gf, and let re<9*(G, T). Then each ReSγl r (G) is cyclic, and there exists a unique such R contained in T.
Proof, We may choose xeT such that \x\ -r. Then xeR for some ReSyl r (G) .
We show first that R ^ T. Let IΦzeZ(R). C G (x) = T by (2.2b) since x is locally regular. Therefore z, which centralizes x, must lie in Γ. Now z, which has order divisible by r, is locally regular, so R <; C G (z) = T by (2.2b). Since T is abelian, R is the unique element of Syl r (G) contained in T.
Suppose now that R is not cyclic. Recalling that J^~ Φ gf, let β: >9~ -> K* be a root, ^ the corresponding root group of gf, and x β : K-^^β an isomorphism of affine algebraic groups (where K is viewed additively). Then for all te^~ and all aeK, tx β {a)t~ι = x β (β(t)a). β{R) is a finite subgroup of K*, hence it is cyclic, so since R is not cyclic there exists a nontrivial element y e R f] ker β. It follows that yx β (a)y~1 = x β (a) for all aeK, so that ^/ β SG^{y). Now ^ ^ Co(y)° since ^ is connected. But y is locally regular, so (2.2a) implies that S/ β <£ ^7 a contradiction. Therefore i2 is cyclic, thus concluding the proof.
If gf = SL(2, K) and i
77 is the map which raises matrix entries to the power q, then G = &L(2, g), the Coxeter torus Γ of G is cyclic of order q + 1 (see, for example, 1.10 in Chapter II of Springer-Steinberg [11] ), and the only elements of T which are not locally regular are ±1 (see Theorem 38.1 and Step 1 of its proof in Dornhoff [6] ). Therefore the case q = 3 3 shows that not every locally regular element of T need have order divisible by some re S^(G, T) f the case q -5 3 shows that generally speaking \S*(G, T)\ > 1, yet the case q = 3 shows that it can occur that S^(G, T) = 0.
We give now conditions which lead to the existence of special primes in a variety of cases. In particular, the last example above will be seen to be deviant. 
We discuss some examples now where &*(&, T)Φ0.
Let G -& F where & is a connected semisimple affine algebra group over K and F is the usual Frobenius morphism induced on S? by the field automorphism a t-+ a q of K. Then G is a finite (untwisted) Chevalley group over GF(q) (see Steinberg [14] ). We assume for convenience that the root system associated with this group is indecomposable, and we base our classification of the maximal tori of G on the diagonal subgroup J7~' of &, which is an .F-stable maximal torus of & contained in an ^-stable Borel subgroup of g^. Note that JP acts trivially on the Weyl group W -W(^~') f so that the conjugacy classes of W parameterize the G-conjugacy classes of maximal tori of G.
Consider a maximal torus T = Jί?~F of G obtained from ^~' by twisting by we W. We make the further assumptions that NQ{^)FÑ G (T) and that (q, \w\) is a compatible pair. The failure of either FINITE GROUPS OF LIE TYPE 261 of these conditions is incidental and rare ((2.7) of Seitz [9] implies that the first holds whenever q ^ 4). Let P W (X) be the characteristic polynomial of w, w being viewed as a linear transformation of the jβ-space X{^~')® Z R,
where X{ά^') is the group Horn (jT~', X*) of characters of ^"'. We assert that <9*(G, T) Φ 0 if the following conditions hold:
Indeed, in the presence of (2.8) it follows from §2 of Srinivasan [12] that N/T = (w), that T = T{ and JSΓ = iV/ for some ge gf where 2\ = R e J^"': tΐ = Ft,} and iS^ = K 6 N<?(^'): nΐ = ί 7^} , and that there exists an element w x e N λ such that έ? 1 = Ft x for all £ x 6 2V Since Fx = #* for all $ 6 ^"', the above facts imply that there exists an element neN such that t n = t q for all teT. Now by 1.7 in Chapter II of Springer-Steinberg [11] , |2Ί = |P w (tf)|, so in the presence of (2.9) the assertion follows from (2.7) with m = \w\ and s = 1.
By Proposition 30 and The algebraic groups considered above are all semisimple. However, by essentially the same discussion, S^(G, T) can be shown to be nonempty for certain finite groups G -g^V of Lie type where gf is not semisimple. For example, let G = GL(m, q) and S^ = GL(m, K), let F be the usual Frobenius morphism of 2^, and let T = S" v be the Coxeter torus of G. Then G = gfj. is a finite group of Lie type, and we may conclude as before that
S^(G, T) Φ 0 provided that N#(^~) F = N G {T) and that (q, m) is compatible. (The order of a Coxeter element of the Weyl group associated with 2^ is m.)
We return now to the case where G = S^V is an arbitrary finite group of Lie type, and we observe that our requirements in the above examples that N G (T)/T be cyclic and that N^{^) F = N β (T) are not accidents. PROPOSITION 
Let T = ^~F he a maximal torus of G such that JT-Φ gf and £^{G 9 T) Φ 0. Then (a) N G (T)/T is cyclic. (b)
Proof. Let r e £*(G, T), and let x e T have order r. Set N =
N σ (T). Since x is locally regular, C N ((x)) = C N (x) = T. Now (x) <\ N by (2.4), so N/T is embedded in Aut(<#». But (x)
is cyclic of prime order, hence Aut(<#>) is cyclic, and (a) follows. As for (b), we observe that N*(^~) F ^ N always holds. Now if neN, then ^~ and J7~n are both maximal tori of gf containing x, which is regular by (2.2a). Therefore ^~ = J^" n and neN^(^') F , as desired.
3* Special conjugacy classes and special primes* Henceforth we fix a maximal torus T = ^^ of G and we set N = N G (T). We assume that the set S^(G, T) -{r x ,
, r m } of special primes of G relative to T is not empty. As justification for invoking (2.4), we assume also that ^~ Φ g?.
N acts by conjugation on Γ", and we denote by JV* the stabilizer in N of θe ϊ 7 ". Note that by (2.10b), θ is in general position if and only if N θ = T.
For each j (1 ^ j <; m), let i?^-be the unique ry-Sylow subgroup of G contained in T whose existence is guaranteed by (2.4) . Set R = E t x ... x jβ w , and let Q be the unique subgroup of T satisfying T^=QxR. Set ζΓ = {α/r6 Γ": i2^ker f) and i2^ = {λe Γ":Q^kerλ}. Denote by Y the set of regular elements in Γ, and by Y" the set of characters in T~ which are in general position. Set X = {x e T: Tj \ \ x \ for some j} , and χ~ = {QeT~:r 5 \\θ\ for some j} .
In view of (2.2a), 0^IS7. Each element xeT can be expressed uniquely in the form x = ab (aeQ, beR) , and a el if and only if b Φ 1.
Analogously, Γ" = QΓ x ϋΓ, so that each character θeT^ can be written uniquely in the form θ -ψλ, (ψeQ~, XeR~) , and θeX" if and only if λ Φ l τ .
Proof. Since ϊ 7 " = Γ as abstract groups, 0 ^ X" is clear. Let θ -ψλe X~ (ψe £Γ, l τ Φ λ e JB"), and choose w e iSi^. It follows that neN λf whence x n x~xe ker X\ B where x is a generator of the cyclic group R. Since λ Φ l τ , we may choose k ^ 1 such that (ΛΓ 1 )* = 1 ^= cc fc . It follows that n centralizes x k , whose order is divisible by some special prime. This forces neT, thus concluding the proof. LEMMA 
X is the union of a set of special conjugacy classes of N in G.
Proof. We prove first that the assertion holds with X replaced by Y. Indeed, 7 is a union of conjugacy classes of N, for if y e Y and neN, then since by (2.10b ) N = N#(^~) F ^ N*(^~), we obtain CΛvΎ = (C^(y)°) n = J^n = ^7 thus forcing # n to be regular. Let {Vu ''' 9 Vu) be a complete set of representatives for the classes of N contained in Y.
For each i, S~ -CM° < C^y,) implies that C,{y % ) ^ 2V* (.5H, hence C G (^) -C,(^ ^ N^{^) F = N. Now if #? = y k for some i, some k, and some geG = & F , then "' -(C*fo«)°)' -CΛvl)° -C.ω 0 -^7 so that geNΛ^h = iV. Finally, suppose that <#> = (y t ) for some 7/GiSΓ and some i. Then C y (4r)° = CA(v))° = CA<Vi»° = CM* = JΊ therefore y is conjugate in N to some y k . We have proved the assertion for Y. Now X is clearly a union of classes of JV, and we represent these classes by x l9 -*,x s 6X (a) and (b) of (1.1) hold for the x i by inheritance from Y. As for (1.1c), if xeN satisfies (x) = <α?t) for some i, then XG Γ and \x\ = 1^1, so the lemma follows.
In view of (3.2), (1.2b) guarantees the existence of a basis of virtual characters of N for the C-space of class functions of JV which vanish off X. Our goal is the construction of such a basis. Since Q <\ N, N acts by conjugation on ζΓ. Fix a complete set Ω of orbit representatives for this action. R <\ N, so for each ψeΩ, Nψ acts by conjugation on ΈΓ -{1 Γ }. Fix a complete set Λ(ψ) of representatives for this action. Proof. By the uniqueness of the expression for each of the members of Γ" in the form ψλ (ψ e ζΓ, X e BΓ) and by the identity (ψχ) n = ψ n χ n (φ e Q", X e BΓ, neN), one may deduce easily that {ψX: ψe Ω, Xe Λ(ψ)} is a complete set of representatives for the JVorbits of X^. The lemma then follows from the disjoint union T~ = ζΓ U X~.
We are prepared now to discuss the irreducible characters of N. Henceforth, for each θ e T", we denote by C(θ) the set of irreducible constituents of Θ N°, and by n 0 the index [N θ : T]. PROPOSITION 
(a) For each ψ e Ω, the maps δ\->δ N (δe C(ψ)) and ψλ h-> (ψλ)
N (λ e Λ(ψ)) are injective. Moreover, (ψ -ψX) N is clearly a virtual character of N, and it vanishes off X since ψ -ψλ vanishes off X. Moreover, the set Sfcfeβ,λe4(f)} is easily seen to be linearly independent.
The dimension of the space V of class functions of N which vanish off X is equal to the number of classes of N contained in X, and since each such class consists of locally regular elements of T, we conclude that dim V = \X\/ [N: T] . Similarly, the number of orbits in X" under the action of N is \X~\/[N: Γ]. Therefore, since \X~\ = \X\, the result follows from the fact that \S\ is equal to the order of ffλ: feβ, XβΛ(ψ)}, which by (3.4) is a complete set of representatives for the orbits of X" under the action of N. Proof, We omit the proof of (a), which is straightforward and holds when T denotes an arbitrary abelian group and r 5 an arbitrary prime.
As for (b), fix ie{l, ,m}. Then T = C G {R ά ) since R ά is generated by a locally regular element of T. Therefore, in view of (4.1), (a), and the fact that since T is abelian each r r block of T has defect group R d , the result follows from a version of Brauer's first main theorem (see Theorem 64.10 of [6] Proof. By (4.2b) and (4.1), Bψ{r 5 ) has nontrivial cyclic defect group R jf so we may apply (1.3) with r = r j9 B -Bψ{r ό ), and D = i^ .
We observe that if 0 ^ ft < α, then C k = T and JSΓ* = N in (1.3). The first equality holds because D fc is generated by a locally regular element of T. The second follows from the facts that N normalizes every subgroup of R j9 and if N k normalizes a subgroup H of G, then it must also normalize C β (H).
Therefore, for 0 <^ k < a, we replace C k by T and i\Γ f c by N in (1.3 '-,εψ >nirf 7 0 , 7 lf •• ,7 α _ 1 the signs given in (1.3c). We show that these signs may be chosen so that 7 0 -7 X = = 7 α _ x = 1. Indeed, invoking (1.3d), we choose the signs so that 7 0 = 1, and we apply (1.3) to C a^ and 6^. But C a _ λ = T = C o and &«_! -6^(r, ) by our previous observation, so in effect we are applying (1.3) to C Q and bψ(r ό ). Thus by (1.4) we obtain new signs (7 0 )' -(7^' -= (7 α _J' = 1, which, by (1.3d), forces 7 0 = Ί 1 = = 7 α _ x = 1. With this choice of signs, and in view of (4.2a), (1.3c) REMARK. We shall see in §6 that εψ is independent of ψeΩ, and that (e), (f), and the first equality of (d) all hold if X is replaced by Y and E by \J g , G Y'.
Proof, (a) Let ψ e Ω and λ e Λ(φ). Since Ω £ Ω lf (4.4) (4.2b) , Bψ x {ry Π Bψjj y = 0> so it suffices to show that χ^Λ φ Xψ 2fλ for all ίe{l, •••, w^J and all XeΛ(ψ 2 ), because then by (a), Xψ vll = Z^2 ι ; 2 (λ, 6 Λiψj), j = 1, 2) cannot occur since (0^,^, 0? 2 ,; 2 )σ = In order to do this we invoke (1.2d). The class functions 0^ί λ may be indexed by pairs (ψ, X) (ψeΩ, Xe ^ί(^)). Let C be a complete set of representatives of the classes of N contained in X. By (1.2d) there exist uniquely determined complex numbers e x .ψ fλ (x e C, ψ e Ω, X G A(f)) satisfying (c) In the proof of (a), the characters Xψ Λ (1 ^ i ^ w^) arose as the nonexceptional characters in Bψ(r^). So if S^(G, T) = {rj there is nothing to prove. Therefore, let r ό e<9*(G, T) be distinct from r lβ Let Zi (1 <Ξ i ^ ^) be the nonexceptional characters in Bψ(r ό ) (see (4.4) ). As in the proof of (a), Z £ is an irreducible constituent of ψ G -{ψX) G for all i and all λ 6 Λ(ψ). Suppose X t £ {Xψ, k : 1 5Ϊ A5*^} for some i. It follows from (a) that Xi~Xψ,ι for all xeΛ(ψ), and then from (b) that \Λ(ψ)\ = 1. Since i?Γ is invariant under the action of N on R~, this forces i?^ = Rϊ, and ^(G, Γ) = {rj follows, in violation of our choice of r s .
(d), (e) In view of (c), the proof of (a) may be adapted to show that for each ψe Ω and each ie {1, , nψ},
